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We analyze the universal size characteristics of flexible ring polymers in solutions in presence of
structural obstacles (impurities) in d dimensions. One encounters such situations when consider-
ing polymers in gels, colloidal solutions, intra- and extracellular environments. A special case of
extended impurities correlated on large distances r according to a power law ∼ r−a is considered.
Applying the direct polymer renormalization scheme, we evaluate the estimates for averaged gyra-
tion radius 〈Rg ring〉 and spanning radius 〈R1/2 ring〉 of typical ring polymer conformation up to the
first order of double ε = 4 − d, δ = 4 − a expansion. Our results quantitatively reveal an extent
of the effective size and anisotropy of closed ring macromolecules in disordered environment. In
particular, the size ratio of ring and open (linear) polymers of the same molecular weight grows
when increasing the strength of disorder according to 〈R2g ring〉/〈R
2
g chain〉 =
1
2
(
1 + 13
48
δ
)
.
PACS numbers: 36.20.-r, 36.20.Ey, 64.60.ae
I. INTRODUCTION
Long flexible macromolecules in nature often appear in
the form of closed loops (rings). One can find such poly-
mers inside the living cells of bacteria [1] or sometimes
higher eukaryotes [2], where DNA occurs in a ring shape.
Loop formation is an important feature of chromatin or-
ganization [3, 4], playing a vital role in transcriptional
regularization of genes and DNA compactification in the
nucleus. On the other hand, many synthetic polymers
form circular structures during polymerization and poly-
condensation [5–7]. Such a wide range of physical realiza-
tions, where the macromolecules of closed ring type can
be found, make them a subject of intensive experimental
and analytical studies [8–20].
Statistics of long flexible polymers in good solvents is
known to be characterized by a set of universal prop-
erties, independent on details of microscopic chemical
structure of macromolecules [21, 22]. In particular, the
averaged radius of gyration 〈R2g chain〉 and the end-to-end
distance 〈R2e chain〉 of linear polymer chains obey the scal-
ing law:
〈R2g chain〉 ∼ 〈R2e chain〉 ∼ N2ν , (1)
here 〈(. . .)〉 means averaging over an ensemble of pos-
sible conformations of macromolecule, N is the molec-
ular weight (number of repeating units – monomers)
and ν is the universal critical exponent, that only de-
pend on the space dimension d. E.g., in d = 3 the
refined field-theory renormalization group studies give
ν = 0.5882 ± 0.0011 [23], whereas for the case of space
dimension above the upper critical one dup=4 one has
an ideal Gaussian polymer chain without excluded vol-
ume effect with ν(d ≥ 4)=1/2 (note that corrections
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to scaling are logarithmic at critical dimension so that
〈R2g chain〉(d = 4) ∼ N(log(N))1/4). The radius of gy-
ration 〈R2g ring〉 of closed polymer rings obeys the scaling
law (1) with exactly the same critical exponent ν [24, 25].
As the convenient parameter to compare the size mea-
sures of linear and ring polymers of the same molecular
weight N , one can consider the ratio:
g ≡ 〈R
2
g ring〉
〈R2g chain〉
, (2)
which is universal N -independent quantity. It was found
that in the idealized Gaussian case g = 1/2 [26], whereas
presence of excluded volume effect leads to an increase
of this value [24, 27, 28]. Note that for the closed circu-
lar polymers, the spanning radius R1/2 ring is of interest
instead of the usual end-to-end distance, and the ratio
p ≡
〈R21/2 ring〉
〈R2g ring〉
(3)
is another universal relation, which characterizes the spa-
tial distribution of monomers within the macromolecule.
As established by de Gennes [21], the universal statisti-
cal properties of infinitely long flexible polymers are per-
fectly captured by them-component spin vector model at
its critical point in the formal limit m→ 0. In particular,
the polymer size exponent ν as given by (1) is related to
the correlation length critical index of the m = 0 model,
whereas the universal size ratios (2) and (3) can be com-
puted in terms of the critical amplitudes ratios of this
model (see e. g. [29]).
An important question in polymer physics is how the
universal conformational properties of macromolecules
are modified in presence of structural obstacles (impu-
rities) in the system. One can encounter such situa-
tion when considering polymers in gels, colloidal solu-
tions [30], intra- and extracellular environments [31–33].
Biological cells can be described as disordered (crowded)
2environment due to the presence of a large amount of
various biochemical species [34]. It is established, that
presence of structural defects strongly effect the protein
folding and aggregation [35–38].
The structural impurities in environment often can-
not be treated like point-like defects: they can be com-
parable in size with polymer chain or even penetrate
throughout the system. The density fluctuations of dis-
order may lead a considerable spatial inhomogeneity and
create pore spaces, which are often of fractal structure
[39]. These peculiarities are perfectly captured within
the so-called percolation model [40], which already serves
as a paradigm in studies of disordered systems. At criti-
cal concentration pc of structural obstacles, an incipient
percolation cluster of fractal structure can be found in
the system. Numerous analytical and numerical studies
[41–47] indicate the considerable extension of effective
polymer size (in particular an increase of scaling expo-
nent ν in (1) and increase of elongation and anisotropy of
typical polymer conformations caused by complex struc-
ture of underlying percolation cluster.
Another special type of disorder which display corre-
lations in mesoscopic scale can be described within the
frames of a model with long-range correlated quenched
defects, proposed in Ref. [48] in the context of mag-
netic phase transitions. Here, the defects are assumed to
be correlated on large distances r according to a power
law with a pair correlation function g(r) ∼ r−a [48].
For a < d, such a correlation function describes de-
fects extended in space, which form complex structures
of (fractal) dimension df = d − a, such that a = d − 2
(d− 1) correspond respectively to the impurities in form
of lines (planes), randomly distributed in space, whereas
non-integer values of a refer to defects of fractal struc-
ture. The influence of long-range-correlated disorder on
the critical properties of m-component spin model has
been analyzed in Refs. [48, 49] within the refined field-
theoretical approach. Here, the variable a was argued to
be a global parameter along with the space dimension d
and the number of components m of the order parame-
ter, and thus the presence of long-range-correlated disor-
der leads to a new universality class for these magnetic
systems. In particular, the correlation length critical ex-
ponents in this case are larger than corresponding values
in absence of disorder, and increase with decreasing the
parameter a. The effect of long-range-correlated disorder
on the scaling properties of linear polymer chains was es-
tablished by analyzing the critical properties of m = 0
model in Ref. [50]. Presence of disorder in the form of ex-
tended structural defects causes the swelling of polymer
coil (1) with larger value of scaling exponent ν, and thus
leads to an elongation of polymer conformation. Further
studies reveal an increase of the effective polymer size
and shape anisotropy of polymers in long-range corre-
lated disorder [51]. Moving from linear polymer chains
to more complicated structures like star-branched poly-
mers in environment with long-range correlated disorder,
one finds the whole spectrum of universal exponents in a
new universality class [52]. In this concern, it is worth-
while to study the influence of extended defects on the
statistical properties of polymers of circular structure,
which have not been considered so far.
In this paper we analyze the statistical properties of
ring polymers in environment with long-range correlated
disorder analytically, applying the direct polymer renor-
malization scheme. The special attention is paid to the
universal size characteristics such as the size ratios (2)
and (3).
The layout of the paper is as follows. In the next sec-
tion, we introduce the continuous model of flexible cir-
cular polymer in disordered environment. In section III
the method of direct polymer renormalization is shortly
described. The results for universal conformational prop-
erties such as the size ratios are evaluated in Section IV.
We end up by giving the conclusions in Section V.
II. THE MODEL
We consider flexible ring polymers in solutions in pres-
ence of long-range correlated disorder. Within the Ed-
wards continuous chain model [53], the linear polymer
chain is considered as a path of length S, parameterized
by ~r(s), where s is varying from 0 to S. The partition
function of closed polymer ring is given by [54]:
Z =
∫
D~r δ(~r(S)− ~r(0)) exp
[
−1
2
∫ S
0
(
d~r(s)
ds
)2
ds −
−b0
2
∫ S
0
ds′
∫ S
0
ds′′ δ(~r(s′)− ~r(s′′)) +
+
∫ S
0
V (~r(s)) ds
]
. (4)
Here,
∫
D~r is functional path integrations, the δ-function
describes the fact that the path is closed, the first term
in the exponent governs the behavior of Gaussian poly-
mer, the second term describes short-range repulsion be-
tween monomers due to excluded volume effect governed
by coupling constant b0 and the last one arises due to the
presence of disorder in the system and contains a random
potential V (~r(s)). Let us denote by (. . .) the average over
different realizations of disorder and assume [48]:
V (~r(s))V (~r(s′)) = w0|~r(s′)− ~r(s′′)|−a. (5)
Studying the problems connected with randomness
(disorder) in the system, one usually faces two types of
ensemble averaging. In so-called annealed case [55], the
impurity variables are a part of the disordered system
phase space, which amounts averaging the partition sum
of a system over the random variables. In the quenched
case [56], the free energy (the logarithm of the partition
sum) should be averaged over an ensemble of realizations
of disorder, which usually implies the replica formalism.
In general, the critical behavior of systems with quenched
3and annealed disorder is quite different. However, when
studying the universal conformational properties of long
flexible macromolecules, this distinction is negligible [57]
and one can use the annealed averaging, which is techni-
cally simpler. Performing the averaging of the partition
function (4) over different realizations of disorder, tak-
ing into account up to the second moment of cumulant
expansion and recalling (5) we obtain:
Z =
∫
D~r δ(~r(S)− ~r(0)) e−H (6)
with an effective Hamiltonian:
H =
1
2
∫ S
0
ds
(
d~r(s)
ds
)2
+
+
b0
2
∫ S
0
ds′
∫ S
0
ds′′ δ(~r(s′)− ~r(s′′))−
−w0
2
∫ S
0
ds′
∫ S
0
ds′′ |~r(s′)− ~r(s′′)|−a. (7)
Note that the last term in (7) describes an effective at-
tractive interaction between monomers arising due to the
presence of extended obstacles in environment, governed
by coupling constant w0.
Performing dimensional analysis for the terms in (7)
one finds the dimensions of the couplings in terms of di-
mension of contour length S: [b0] = [S]
db0 , [w0] = [S]
dw0
with db0 = (4 − d)/2, dw0 = (4 − a)/2. The “upper
critical” values of the space dimension (dc = 4) and the
correlation parameter (ac = 4), at which the couplings
are dimensionless, play an important role in the renor-
malization scheme, as outlined below.
III. THE METHOD
To analyze the universal statistical properties of model
(7), we evaluate the direct renormalization method, as
developed by des Cloizeaux [22].
In the asymptotic limit of an infinite linear measure
of the continuous polymer curve, one encounters the di-
vergences of observables of interest. All these diver-
gences can be eliminated by introducing corresponding
renormalization factors, directly associated with physical
quantities. Subsequently, they attain finite values when
evaluated at the stable fixed point (FP) of the renormal-
ization group transformation. Note that the FP coordi-
nates are universal, so that properties of a linear polymer
chain and that of a closed polymer ring are governed by
the same unique FP. Therefore, to evaluate the FP co-
ordinates in the following analysis we restrict ourselves
to the simpler case of a single chain polymers. To de-
fine the coupling constant renormalization, one consid-
ers the contributions Zλ0(S, S) into the partition func-
tion of two interacting chain polymers, having dimensions
Zλ0(S, S) ∼ [S]2+dλ0 (in our case, by λ0 we mean cou-
plings b0 and w0). The renormalized coupling constants
λR are thus defined by:
λR({λ0}) = −[Z(S)({λ0})]−2Zλ0(S, S)×
×[2πχ0({λ0}S]−(2−dλ0). (8)
Here, Z(S)({λ0}) is the partition function of a poly-
mer, χ0({λ0} is the so-called swelling factor, given by:
χ0({λ0} = 〈R2e〉/S.
In the limit of infinite linear size of the macromolecules
the renormalized theory remains finite, such that:
lim
S→∞
λR({λ0}) = λ∗R. (9)
When couplings constants are dimensionless (which hap-
pens at corresponding dλ0 = 0), the macromolecules be-
have like Gaussian chains without any interactions be-
tween monomers. Thus, the concept of expansion in
small deviations from the upper critical dimensions of
the coupling constants naturally arises.
The flows of the renormalized coupling constants are
governed by functions βλR :
βλR = 2S
∂λR({λ0})
∂S
. (10)
The fixed points of the renormalization group transfor-
mations, which define the asymptotical values of univer-
sal conformational properties, are given by the common
zeros of the β-functions.
IV. RESULTS
In the present work we analyze the conformational
characteristics of long flexible ring polymers in the en-
vironment with long-range correlated disorder. We are
interested in size ratios (2) and (3) which are known to
be universal.
Within the frames of the continuous polymer model
(4), the averaged radius of gyration Rg, the end-to-end
distance Re of an open linear chain and the spanning
radius R1/2 of circular polymer are defined as:
〈R2g〉 =
1
2S2
∫ S
0
ds1
∫ S
0
ds2
〈
(~r(s2)− ~r(s1))2
〉
, (11)
〈R2e〉 =
〈
(~r(S)− ~r(0))2〉 , (12)
〈R21/2〉 =
〈
(~r(S/2)− ~r(0))2〉 . (13)
Here and below, 〈. . .〉 denotes averaging with an effective
Hamiltonian (7) according to:
〈(. . .)〉 =
∫
D~r δ(~r(S)− ~r(0)) (. . .) e−H
Z(S)
. (14)
A. Partition function
We start with considering the partition function of a
circular polymer model with an effective Hamiltonian (7).
4Performing an expansion in coupling constants b0 and w0
in the exponent and keeping terms up to the 1st order
one has:
Zring(S) = Z
0(S)− b0Z1b0(S) + w0Z1w0(S). (15)
Here, Z0(S) is the partition function of an idealized “un-
perturbed” Gaussian model without any interactions be-
tween monomers:
Z0ring(S)=
1
Z0o
∫
D~r δ(~r(S)− ~r(0)) e− 12
∫
S
0
ds
(
d~r(s)
ds
)2
(16)
normalized in such a way that the partition func-
tion of an open Gaussian chain is unity, here Z0o ≡∫
D~r e
−
1
2
∫
S
0
ds
(
d~r(s)
ds
)2
.
Exploiting the Fourier-transform of the δ-function
δ(~r(S)− ~r(0)) = 1
(2π)d
∫
d~q e(−i~q(~r(S)−~r(0)) (17)
and rewriting: ~r(S)− ~r(0) = ∫ S
0
ds
(
d~r(s)
ds
)
, one has:
Z0ring(S) =
1
Z0o
∫
D~r e
−
1
2
∫
S
0
ds
(
d~r(s)
ds
−i~q
)2
×
× 1
(2π)d
∫
d~q e−
q2S
2 . (18)
After performing the Poisson integration, one easily ob-
tains the partition function of Gaussian ring polymer [54]:
Z0(S) = (2πS)−d/2. (19)
The contribution Z1b0(S) into the perturbation theory
expansion (15) is given by:
Z1b0(S) =
1
Z0o
∫ S
0
ds′
∫ s′
0
ds′′
∫
D~r e
−
1
2
∫
S
0
ds
(
d~r(s)
ds
)2
×
× 1
(2π)2d
∫
d~q e−i~q(~r(S)−~r(0))
∫
d~k e−i
~k(~r(s′)−~r(s′′)) =
=
1
(2π)2d
∫ S
0
ds′
∫ s′
0
ds′′
∫
d~k
∫
d~q e−
(~k+~q)2
2 (s
′
−s′′) ×
× e− ~q
2
2 (S−s
′+s′′) =
= (2π)−d
∫ S
0
ds′
∫ s′
0
ds′′(s′ − s′′)− d2 (S − s′ + s′′)− d2
= (2π)−dS2−dB(1− d/2, 2− d/2), (20)
here B(1− d/2, 2− d/2) is Euler beta function.
Taking into account that the Fourier transform of the
correlation function (5) in the limit of large ~r is (see Ap-
pendix A):
|~r(s′)− ~r(s′′)|−a ≃
∫
d~k |~k|a−de−i~q(~r(s′)−~r(s′′)),
the contribution Z1w0(S) can be easily evaluated accord-
ing to the scheme (20):
Z1w0(S) =
1
(2π)d
∫
d~k|k|a−d
∫ S
0
ds′
∫ s′
0
ds′′e
|k|2
2S (s
′
−s′′)
× e− |k|
2
2 (s
′
−s′′) ≡
∫
d~k|k|a−df(|~k|). (21)
Passing to d-dimensional spherical coordinate system, in-
tegration over ~k can be presented as:∫
d~k → Ωd
∫
∞
0
dk|k|d−1, (22)
where Ωd denotes integration over angular variables.
Thus, in the above expression we have:∫
d~k |k|a−df(|~k|) = Ωd
∫
∞
0
dk|k|a−1f(|~k|). (23)
Due to the fact that f(|~k|) depends only on module of
~k, we immediately conclude that, except of angular fac-
tor Ωd which can be adsorbed into redefinition of cou-
pling constant, the integrals over ~k can be treated as
a-dimensional.
The final expression for a partition function of a ring
polymer then reads:
Zring(S) = (2πS)
−d/2 (1− zb0B(1− d/2, 2− d/2)
+zw0B(1− a/2, 2− a/2)) , (24)
here, the dimensionless couplings are introduced:
zb0 = b0(2π)
−d/2S2−d/2, zw0 = w0(2π)
−a/2S2−a/2. (25)
Similarly for the partition function of an open linear
chain we have:
Zchain(S) = 1− zb0
(1 − d/2)(2− d/2) +
zw0
(1− a/2)(2− a/2) .
(26)
B. Gyration radius and g-ratio
To evaluate the expression for gyration radius as given
by (11), we start by rewriting:
(~r(s2)− ~r(s1))2 = −2d d
dk2
e−i
~k(~r(s2)−~r(s1))|k=0. (27)
In the “unperturbed” Gaussian approximation one has
in the case of closed ring polymer:
〈e−i~k(~r(s2)−~r(s1))〉0 = e− k
2
2
(s2−s1)(S−s2+s1)
S ,
and thus:
〈R2g ring〉0 =
d
S2
∫ S
0
ds2
∫ s2
0
ds1 (s2 − s1−
−(s2 − s1)2/S
)
=
Sd
12
. (28)
5FIG. 1: Diagrammatic presentation of contributions into the
gyration radius of ring polymer up to the first order in cou-
pling constants. Dashed lines denote the monomer-monomer
interactions. Each diagram appears twice: once with excluded
volume interaction governed by coupling zb0 and once with
disorder interaction zw0 . By arrows we denote the restriction
points s1 and s2 bearing incoming and outcoming wave vector
k.
Performing the perturbation theory expansion in cou-
pling constants and keeping terms up to the 1st order
one may thus write:
〈R2g ring〉 =
Sd
12
− zb0Ω1zb0 + zw0Ω
1
zw0
. (29)
In what follows we will use the diagrammatic presenta-
tion of perturbation theory series, and exploit the same
diagrams for both chains and rings (see Fig. 1). Thus,
Ω1zb0
and Ω1zw0 correspond to contributions, presented by
diagrams on Fig. 1 with pairwise interactions between
monomers governed by coupling constants zb0 and zw0
respectively and have general form (see Appendix B for
details):
Ω1zb0
=
∑
i
αiB(βi − d/2, γi − d/2),
Ω1zw0 =
∑
i
α′iB(β
′
i − a/2, γ′i − a/2), (30)
where the Greek symbols denote rational and natural
numbers.
Proceeding with the double ε = 4 − d, δ = 4 − a ex-
pansions of above expressions, we obtain:
〈R2g ring〉 =
Sd
12
(
1 +
2zb0
ε
− 2zw0
δ
)
. (31)
Applying the same scheme as described above, for the
radius of gyration of (open) linear chain one has:
〈R2g chain〉 =
Sd
6
(
1 +
2zb0
ε
− 13zb0
12
− 2zw0
δ
+
13zw0
12
)
(32)
Thus, we obtain the estimate of the size ratio (2) up to
the first order of perturbation theory expansion:
g ≡ 〈R
2
g ring〉
〈R2g chain〉
=
1
2
(
1 +
13zb0
12
− 13zw0
12
)
. (33)
The universal properties of linear and ring polymers
are known to be governed by the same fixed points val-
ues (10) within the renormalization group scheme [24].
Thus we make use of results for fixed point values found
previously for the linear polymer chains in long-range
correlated disorder [58]. There are three distinct fixed
points governing the properties of macromolecule in var-
ious regions of parameters d and a:
Gaussian : z∗b0 = 0, z
∗
w0 = 0, (34)
Pure : z∗b0 =
ε
8
, z∗w0 = 0, (35)
mixed LR : z∗b0 =
δ2
4(ε− δ) , z
∗
w0 =
δ(ε− 2δ)
4(δ − ε) . (36)
Evaluating Eq. (33) in these three cases, we obtain:
gGauss =
1
2
, (37)
gpure =
1
2
(
1 +
13
96
ε
)
, (38)
gLR =
1
2
(
1 +
13
48
δ
)
. (39)
With gpure we recover the result found previously in Ref.
[24] for the polymers in pure solution, whereas the last
expression gives the value of size ratio in the solution
in presence of long-range correlated structural obstacles.
Whereas the fixed points coordinates (36) depend on
both of the global parameters d and a, the resulting
size ratio (39) in the one-loop approximation depends
only on a. Note, however, that disorder characterized
by some fixed value of parameter a, would correspond to
different physical realizations depending on the space di-
mension. Really, remembering that correlation function
in the form (5) refers to extended defects of (fractal) di-
mension df = d − a, the same value a = 1 corresponds
to planar impurities in d = 3 and linear defects in d = 2,
respectively. Based on this consideration, one may say,
that relations like (39) indirectly imply dependence on d.
To find the quantitative estimate for the size ratio g
in pure solution in d = 3, we evaluate the expression
(38) at ε = 1 and obtain gpure ≃ 0.57. One may easily
convince oneself, that presence of long-range correlated
disorder with any a < d leads to an increase of this value,
as given by (39). Moreover, this ratio grows with an in-
creasing strength of disorder (decreasing of parameter a),
and thus the distinction between the size measure of a
ring and an open linear polymers of the same molecular
weight is smaller in disordered environment as compared
with the pure solution. From physical point of view, we
can interpret this as follows. The presence of obstacles
in environment is expected to produce an effective en-
tropic attraction between monomers of macromolecules
(see (7)). However, the case of long-range correlated dis-
order corresponds to complex (fractal) defects extended
throughout the system. The polymer macromolecule is
forced to avoid these extended regions of space, which
6FIG. 2: Diagrammatic presentation of contributions into the
spanning radius of ring polymer up to the first order in cou-
pling constants. Notations are the same as in Fig. 1.
results in its elongation and an increase of the shape
anisotropy of a typical polymer conformation in such dis-
ordered environment.
C. Spanning radius and p-ratio
Another interesting characteristic of a size measure of
a circular polymer is the spanning radius 〈R21/2〉. To
evaluate the expression for 〈R21/2〉 as given by (12), we
start by rewriting:
(~r(S/2)− ~r(0))2 = −2d d
dk2
e−i
~k(~r(S/2)−~r(0))|k=0. (40)
In the “unperturbed” Gaussian approximation we have:
〈e−i~k(~r(S/2)−~r(0))〉0 = e− k
2S
8 ,
and thus:
〈R21/2 ring〉0 =
Sd
4
. (41)
Again, we use diagrammatic presentation of contribu-
tions into the spanning radius, produced by perturbation
theory expansion in coupling constants (see Fig. 2).
Applying the same scheme for diagram calculation, as
described in previous subsection and Appendix B, we
found
〈R21/2〉 =
Sd
4
(
1 +
zb0
2
+
2zb0
ε
− zw0
2
− 2zw0
δ
)
. (42)
Recalling expression for the gyration radius of ring poly-
mer (31):
p ≡
〈R21/2 ring〉
〈R2g ring〉
= 3
(
1 +
zb0
2
− zw0
2
)
. (43)
Evaluating this ratio at fixed points (34)-(36), govern-
ing the properties of macromolecule in various regions of
parameters d and a, we finally have:
pGauss = 3, (44)
ppure = 3
(
1 +
ε
16
)
, (45)
pLR = 3
(
1 +
δ
8
)
. (46)
To find the qualitative estimate for the size ratio p in
pure solution in d = 3, we evaluate the expression (45) at
ε = 1 and obtain ppure ≃ 3.18, which is in nice agreement
with result of computer simulations, found previously in
Ref. [10]: ppure = 3.217 ± 0.020. Again, the presence
of long-range correlated disorder with any a < d leads
to an increase of this value, as given by (46): this ratio
grows with an increasing strength of disorder (decreasing
of parameter a).
V. CONCLUSIONS
In the present paper we analyze the statistical prop-
erties of flexible polymers in a form of closed rings in
solutions in presence of structural obstacles (impurities).
One encounters such situations when considering poly-
mers in gels, colloidal solutions or in the cellular environ-
ment. We consider a special case of so-called long-range
correlated disorder, assuming the defects to be correlated
on large distances r according to a power law with a
pair correlation function g(r) ∼ r−a [48]. For a < d,
such a correlation function describes defects extended in
space, which form complex structures of (fractal) dimen-
sion df = d − a, such that a = d − 2 (d − 1) correspond
respectively to the impurities in form of lines (planes),
randomly distributed in space, whereas non-integer val-
ues of a refer to defects of fractal structure.
Applying a direct polymer renormalization scheme,
we study the universal size and shape characteristics of
macromolecules, such as the size ratios (2) and (3). Our
results reveal an essential influence of disorder on the spa-
tial extension and anisotropy of typical circular polymer
conformation. In particular, the presence of long-range
correlated disorder with any a < d leads to an increase
of the size ratio of a ring and an open linear polymers of
the same molecular weight as given by (39): this value
grows with an increasing strength of disorder (decreas-
ing of parameter a), and thus the distinction between
the size measure of circular and open chains is smaller in
disordered environment as compared with the pure solu-
tion. From physical point of view, this can interpreted as
follows. The case of long-range correlated disorder cor-
responds to complex (fractal) defects extended through-
out the system. The polymer macromolecule is forced to
avoid these extended regions of space, which results in
its elongation and an increase of the shape anisotropy of
a typical polymer conformation in such disordered envi-
ronment.
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7Appendix A
Here, we evaluate the Fourier transformation of corre-
lation function (5) in the form |r|−a:
ξ(~k) =
∫
d~r |~r|−a exp(i~k~r).
Passing to d-dimensional spherical coordinate system and
performing integration over angular variables one has:
ξ(~k) =
2π
d−1
2
Γ(d−12 )
∫ π
0
dθ (sin θ)d−2 ×
∫
∞
0
dr |~r|d−1−a exp(ikr cos θ). (47)
Introducing the variable x ≡ kr, the last integration in
(47) can be rewritten as:
ka−d
∫
∞
0
dxxd−1−a exp(ix cos θ).
Making use of relation (3.915(5)) in Ref. [59], we have:∫ π
0
dθ exp(ix cos θ)(sin θ)d−2 =
=
√
π
(
2
x
) d−2
2
Γ
(
d− 1
2
)
J d−2
2
(x),
here J d−2
2
(x) is Bessel function. Finally, we use the rela-
tion (6.561(14)) in Ref. [59] to evaluate:
∫
∞
0
dxx
d−2a
2 J d−2
2
(x) = 2
d−2a
2
Γ(d−a2 )
Γ(a2 )
.
This will lead to the following form of Fourier transform:
ξ(~k) = ka−dπ
d
2 2d−a
Γ(d−a2 )
Γ(a2 )
. (48)
Appendix B
Here, we evaluate an analytic expression corresponding
to the diagram (1) on Fig. 1 which produces contribu-
tions into the gyration radius of ring polymer (shown in
more details on Fig. 3). The solid line on a diagram
is a schematic presentation of a polymer of length S,
dashed line denotes the long-range interaction governed
by coupling zw0 between points s
′ and s′′ (interaction
points), and s1 and s2 are so-called restriction points.
According to the general rules of diagram calculations
[22], each segment between any two points sa and sb is
oriented and bears a wave vector ~qab given by a sum
of incoming and outcoming wave vectors injected at in-
teraction points, restriction points and end points. At
FIG. 3: Example of diagrammatic contribution into the gy-
ration radius of ring polymer.
these points, the flow of wave vectors is conserved. A
factor exp
(
− ~q2ab2 (sb − sa)
)
is accosiated with each seg-
ment, and integration is to be made over all independent
segment areas and over wave vectors injected at the end
points and interaction points. The diagram shown on
Fig. 3 is than associated with an expression:
1
S2(2π)2d
∫ S
0
ds′
∫ s′
0
ds′′
∫
d~q
∫
d~p|p|a−d e− ~q
2
2 (S−s
′+s′′)
×
∫ s′
s′′
ds2
∫ s2
s′′
ds1 e
−
(~q+~p)2
2 (s
′
−s2+s1−s
′′)−
(~k+~q+~p)2
2 (s2−s1).
Performing the Gaussian integration over the wave vec-
tors ~p and ~q, taking into account the pecularities of calcu-
lation the contributions of long-range correlated disorder
(21) - (23), after taking derivative over k according to
(27) we have:∫ S
0
ds′
∫ s′
0
ds′′ (s′ − s′′)−a/2(S − s′ + s′′)−a/2 ×
×
∫ s′
s′′
ds2
∫ s2
s′′
ds1
(
s2 − s1 − (s2 − s1)
2
s′ − s′′
)
,
note that prefactor S−2(2π)
a
2−
3d
2 is omitthed in previous
expression. Integrating this expression over s1 and s2
and passing to dimensionless variables h′ = s′/S, h =
h′ − s′′/S we obtain:
I1 =
1
12
∫ 1
0
dh′
∫ h′
0
dhh3−a/2(1− h)−a/2 =
=
1
12
∫ 1
0
dh′Bh′(4− a/2, 1− a/2),
where the definition of an incomplete Euler beta function
Bs(a, b) =
∫ s
0
xa−1(1 − x)b−1dx is used. In dealing with
integration of this type, we make use of relation [60]:∫
ds sλBs(a, b) =
sλ+1
λ+ 1
Bs(a, b)−
− 1
λ+ 1
Bs(a+ λ+ 1, b). (49)
8Thus, the result for this diagram reads:
I1 =
1
12
[
B(4− a/2, 1− a/2)−B(5− a/2, 1− a/2)
]
.
To proceed with δ-expansion of such expressions, we re-
call that B(a, b) = Γ(a)Γ(b)/Γ(a + b) and exploit the
expansion of Euler gamma function: Γ(1 + x) ∼ 1 − cx
with Euler constant c ≃ 0.5772. Applying this scheme to
the expression above, we obtain:
I1 =
1
12
(2 + δ)Γ2(1 + δ/2)
δΓ(1 + δ)(1 + δ)
≃ 1
6δ
− 1
12
+O(δ).
The expressions corresponding to other diagrams (2)-(6)
on Fig. 1 with the long-range interaction governed by
coupling zw0 , evaluated within the same scheme, read:
I2 = I4 =
1
12
[
2B(1− a/2, 2− a/2)−
−B(1− a/2, 5− a/2)− 5B(1− a/2, 3− a/2) +
+4B(1− a/2, 4− a/2)−B(−a/2, 2− a/2)−
−B(−a/2, 6− a/2) + 4B(−a/2, 5− a/2)−
−6B(−a/2, 4− a/2) + 4B(−a/2, 3− a/2)
]
=
≃ 1
6δ
+O(δ); (50)
I3 = I5 =
1
240
[
10B(1− a/2, 1− a/2)−
−40B(1− a/2, 4− a/2) + 60B(1− a/2, 3− a/2)−
−40B(1− a/2, 2− a/2)− 4B(−a/2, 1− a/2) +
+4B(−a/2, 6− a/2)− 20B(−a/2, 5− a/2) +
+40B(−a/2, 4− a/2)− 40B(−a/2, 3− a/2) +
+20B(−a/2, 2− a/2) + 10B(1− a/2, 5− a/2)
]
=
≃ − 1
10δ
− 1
40
+O(δ); (51)
I6 =
1
60
[
5B(1− a/2, 1− a/2) +
+5B(1− a/2, 5− a/2)− 20B(1− a/2, 2− a/2) +
−20B(1− a/2, 4− a/2) + 30B(1− a/2, 3− a/2)−
−3B(−a/2, 1− a/2) + 3B(−a/2, 6− a/2)−
−15B(−a/2, 5− a/2) + 15B(−a/2, 2− a/2)−
−30B(−a/2, 3− a/2) + 30B(−a/2, 4− a/2)
]
=
≃ − 2
15δ
− 1
30
+O(δ). (52)
The expressions corresponding to the diagrams with
monomer-monomer interactions governed by excluded
volume coupling zb0 are easily obtained when replacing
correlation parameter a by space dimension d in above
expressions for I1-I6.
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